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Abstract 

It is shown how a system of evolution equations can be developed both from the structure 
equations of a submanifold embedded in three-space as well as from a matrix SO (6) Lax 
pair. The two systems obtained this way correspond exactly when a constraint equation is 
selected and imposed on the system of equations. This allows for the possibility of selecting 
the coefficients in the second fundamental form in a general way. 



MSC: 53C44, 58A10, 58H5 



1. Introduction. 

There are some remarkable relationships between certain classes of partial differential equa- 
tions and the geometry of surfaces, or submanifolds, immersed in three-dimensional space which 
correspond to them [1]. Moreover, a great many partial differential equations which are of interest 
to study and investigate due to the role they play in various areas of mathematics and physics 
are included in this category [2-4]. It must also be stated that these equations typically result as 
the integrability condition of a linear system or pair of linear equations usually referred to as a 
Lax pair. The cases of constant total or Gaussian curvature as well as mean curvature have been 
studied extensively. It might then be asked what can be said with regard to the more general 
cases in which one or both of the curvatures of the submanifold is or are not constant. 

Here we would like to ask what can be said about the correspondence between partial dif- 
ferential equations which can be obtained from a linear pair of matrix equations as well as from 
the structure equations for a two-dimensional submanifold or surface which is embedded in three- 
dimensional space such that the coefficients of the second fundamental form are left arbitrary at 
first. This will turn out to produce a general relationship between a system of partial differential 
equations on the one hand and an associated surface on the other. To state this another way, it 
is proposed to see how previous results [5-6] can be generalized to situations in which the cur- 
vatures of the submanifold do not turn out to be identically constant. It will be found here that 
the moving frame approach will permit the calculation of the basic fundamental forms which are 
sufficient to determine the submanifold once the one-forms in the structure equations are defined. 
It will be seen that the system of equations which are produced by the structure equations under 
a particular specification of the basic one-forms can be exactly duplicated by defining the form 
of a particular linear matrix Lax pair, up to specifying a single constraint on some of the func- 
tional quantities which appear. These equations will be given for a specific choice of one-forms, 
although other choices may be possible. This work serves to generalize the 5*0(3) Lax pair which 
was produced in [5]. Generalizations of the 5*0(2, 1) Lax pairs have also been done and will be 
reported later. 

2. Structure Equations and Differential Forms. 
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Suppose x : M — > R 3 is a smooth surface in R 3 . Choosing local coordinates t and i in a 
coordinate neighborhood U in M, the surface can be expressed by the parametrized equations 
x % = x l (x,t), 1 < i < 3. Choose a Darboux frame (x, ei, e 2 , e 3 ) on M such that ei and e 2 
are tangent to M, e 3 is normal to M and the orientation of (ei,e 2 ,e 3 ) is the same as a chosen 
orientation of R 3 . Suppose the corresponding relative components for the frame field are written 
u>i, u>ij, then [7-8] 

dx = wiei + w 2 e 2 , ^3 = 0, (2.1) 
cfej = u^e;, + ujji = 0, (2.2) 

where u>i, u>ij are differential 1-forms of the parameters t, x. The structure equations are 

duj\ = UJ2 A cj 2 i, du2 = uji A c<Ji 2 , (2.3) 

cji A cj 13 + uj 2 A w 23 = 0, (2.4) 
dui2 = ^13 A lu 32 , duJis = W12 A cj 23 , gL> 23 = cj 2 i A uj 13 . (2.5) 
By Cartan's Lemma, based on (2.4), it follows that there exist functions hij such that 

^13 = hnUi + ^12^2, UJ23 = h 2 iUJi + h 22 uJ2, hi2 = h 2 i = h. (2.6) 

Now equations (2.5) are the Gauss equation and the Codazzi equation of M. The first and second 
fundamental forms can be obtained from the forms which appear in this system. These essentially 
determine the surface up to rigid motions. The first, second and third fundamental forms for M 
are given by, 

I = dx • dx = (c^i) 2 + {uj 2 ) 2 , II = -dx • de 3 = ivi uji 3 + u 2 w 23 , III = de 3 ■ de 3 = (cj i3 ) 2 + (cj 23 ) 2 . 

(2.7) 

The mean curvature and total curvature of M are determined by and are both independent of 
the choice of Darboux frame with 

H=^(h u + h2 2 ), K = h n h 2 2 — h\ 2 . (2.8) 
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Now let us specify the forms, substitute them into the structure equations and simplify to see 
what results without at first specifying the quantities hij. When the coefficients of the forms are 
subsequently given in terms of one or more unknown functions (pj(x, t) as well, a system of partial 
differential equations in terms of the ipj will be seen to emerge, 

Gi(<Pj,<Pj0,<Pj,t,---) = 0- (2.9) 

The key idea is that these partial differential equations will arise both from the structure equa- 
tions as well as from a matrix Lax pair. This means an important aspect of integrability is met 
automatically. Of course, we keep to a pair of variables x, t since the Lax pair will depend on 
two variables. Keeping the level of complexity to a low level, a system of one-forms are defined u>i 
which depend on six functions and such that the forms are given by 

w\ = U12 dt + i>i2 dx, 0J2 = uizdt + vizdx, 0J3 = 0. (2-10) 

It is the coefficients of the forms in (2.10), Uij and that depend on ifii which specify the 
differential equations. The forms which specify the connection are 

W12 = u 2 3 dt + v 2 3 dx, (2.11) 

and U23 which can be written down using Cartan's Lemma given io\ and UJ2 from (2.10) are 

^13 = (^11^12 + huis) dt+(huVi2 + hvi 3 ) dx, cj 2 3 = (hu^ + /122W13) dt+ (^12 + ^22^13) dx. (2.12) 

Differentiating the forms and substituting into (2.3) and (2.5), the results can be summarized as 
follows 

Ul2,x ~ V 12 ,t + «23^13 - «13^23 = 0, 
Ul3,x ~ Vi3 )t + Mi2^23 - M23W12 = 0, 

u 2 3,x - v 2 3,t + (huh 2 2 - h 2 )(u 13 v 12 - u 12 v 13 ) = 0, (2.13) 

(h u u 12 + hu 13 ) x - (h u v 12 + hv 13 ) t + u 2 3(hv 12 + ^22^13) - ^23(^12 + ^22^13) = 0, 

(hu 12 + h 2 2U 1 3) x - (hv 12 + h 2 2Vi 3 ) t + ^23(^11^12 + hu 13 ) - ^23(^11^12 + hv 13 ) = 0. 
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This is the system of equations which results from the structure equations. 
3. Equations Determined by a Linear System. 

It will now be seen how system of equations (2.13) can be obtained from an SO (6) matrix Lax 
pair. It is to be required that the two linear systems 



(3.1) 



generate system (2.13) when the zero curvature condition is enforced. The integrability condition 
which follows from this set of linear equations (3.1) in terms of U and V takes the form 



U x -V t + [U,V] = 0. 



(3.2) 



It will be shown that there is at least one way to get (2.13) by picking U, V appropriately. Suppose 
we take U = Ui © U 2 and V = Vi © V 2 of the form 



U 



XJ X 

u 2 



V 



V l 

v 2 



(3.3) 



so the compatibility condition (3.2) reduces to U i>x — V ijt + UjVi — Villi — for % — 1, 2. To specify 
the submatrices U\ and Vi, we take the following 5*0(3) matrices, 



/ 



Ui2 U13 



\ 



v 12 v 13 ^ 

^ J = ! -Vl2 /Vi 

-V13 -V 23 J 



-u 12 u 23 

\ -Ui3 -U 23 J 

The submatrices U 2 and V 2 are given by 

/ h u u 12 + hu 13 hu 12 + h 22 u 13 \ 



(3.4) 



U 2 



-h n u 12 - hu 13 
y -hu 12 - h 22 u 13 -u 23 



u 23 




/ 



Vo 







^11^12 + hv 13 hv 12 + h 22 v 13 \ 



v 23 




(3.5) 



-h u v 12 - hv 13 
y -hv 12 - h 22 v 13 -v 23 J 

Substituting (3.4), (3.5) into (3.3) and then using (3.3) in (3.2), it is a straightforward calculation 
to show that (3.2) is satisfied provided the following system holds, 



Ui2,x - Vl2,t + U 23 V 13 - U 13 V 23 = 0, 



Ul 3 ,x ~ V 13jt + U 12 V 23 ~ U 23 V 12 = 0, 
U 2 3,x ~ V 2 3,t + Ml3^12 - «12^13 = 0, 

u 2 3,x - V23,t + (hnh 22 - h 2 )(u 12 v 12 - u 12 v 13 ) = 0, (3.6) 

(h n u 12 + hu 13 ) x - (h u v 12 + hv 13 )t + u 23 (hvi 2 + h 22 v 13 ) - v 23 (hui 2 + h 22 u 13 ) = 0, 

(hu 12 + h 22 u 13 ) x - (hvu + h 22 v 13 ) t + ^23(^11^12 + hu 13 ) - ^23(^11^12 + ^13) = 0, 

The matrices U and V therefore reproduce all five equations in (2.13) which result from the 
structure equations except there is a additional equation. The third and fourth equations in 
(3.6) appear in two different forms. In fact, these two different forms can be exactly matched 
by introducing a constraint, which can be chosen in two ways. These two equations will match 
provided that 

(M12V13 - u 13 v 12 )(h 2 - h n h 22 + 1) = 0. (3.7) 

Clearly, this can be satisfied in two different ways. First of all, it can be satisfied by putting 
a constraint on four of the functions tty and Vij, namely, Ui 2 Vi3 — Ui 3 Vu = 0. Using this, no 
restrictions need be placed on the coefficients of the second fundamental form. Another way to 
satisfy (3.8) is to put a constraint on the set of functions hij, namely, h\\h 22 — h 2 — 1. This result 
states that the total curvature must be one, beyond that, the quantities appearing in it can be 
arbitrary. 

If the constraint on u^-, is substituted in the third and sixth equations in (3.6), these two 
equations reduce to the common expression u 2 3 )X — 1*23,* = 0. Moreover, V13 = U13V \ 2 ju\ 2 must 
be substituted into the remaining equations in (3.6), and no external restriction need be placed 
on the second fundamental form. On the other hand, if we suppose the coefficient matrix of the 
second fundamental form has elements which satisfy huh 22 — h 2 = 1, the third and sixth equations 
of (3.6) reduce to a form with a common structure, so these five equations exactly match (2.13). 
These five equations can be solved as a system. 

Notice that these results imply that the pair of three by three matrices which form the matrices 
(3.3) are not completely independent of each other or completely decoupled at the end. They are in 
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a way coupled together by means of the constraint which is imposed. Suppose hn = h 22 = 1, then 
the final pair of equations in (2.13) go into two of the first three equations. As a short example 
for this choice of constraint, if we let w 13 = v i2 = 0, u± 2 = cos(</?/2) and t> 13 = sin(</?/2) then 
(2.13)-(3.6) become 

( cos (|-)):r + «23 sin(^) = 0, -(sin(^))i + cos(^)v 23 = 0, u 2 ^ x - v 23 , t ~ cos(^) sin(^) = 0. 

Solving for u 23 and f 23 from the first pair and substituting into the third, we obtain that ip satisfies 
the integrable equation ip tt — ip xx = — sin(</?). 
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